Abstract:
INTRODUCTION
,
Motivation
GIVTIFNs play an important role while dealing with uncertainty modeling problems in real life situations as they have the capability to represent imprecision, uncertainty in a proper manner, and are desirable to address such problems.
GIVTIFNs are used as mathematical assessment for different linguistic variables, ratings, and weights in various problems like decision making, medical diagnosis, pattern recognition etc. Proper arithmetic operations on GIVTIFNs are very important for the correct output in different problems. The existing approach produces some illogical results while performing arithmetic operation on GIVTIFNs with different heights. To overcome the shortcomings of the existing approach and for proper evaluation, it is always useful to define novel techniques for arithmetic on GIVTIFNs.
PRELIMINARIES
In this section, some basic definitions of FS, IFS and IVIFS have been discussed.
Definition (Fuzzy Set)
Let X be a universe of discourse; then the fuzzy subset A of X is defined by its membership function which assigns a real number µ A (x) in the interval [0, 1] , to each element , where the value of µ A (x) at x shows the grade of membership of x in A.
Definition
Given a fuzzy set A in X and any real number α [0, 1] . Then, (a) (α-cut) the α -cut fuzzy set A, denoted by α A is the crisp set:
(b) (Strong a-cut) the strong a -cut, denoted by α+ A is the crisp set:
Definition (Support)
The support of a fuzzy set A defined on X is a crisp set defined as:
Definition (Height)
[1] The height of a fuzzy set A, denoted by h(A), is the largest membership grade obtained by any element in the set and it is denoted as .
Definition (Generalized Fuzzy Numbers (GFN))
The 
Definition (Intuitionistic Fuzzy Set (IFS))
An Intuitionistic fuzzy set A on a universe of discourse X is of the form:
Where is called the "degree of membership of x in A", is called the "degree of nonmembership of x in A", and where µ A (x) and v A (x) satisfy the following condition:
The amount π A (x) = 1 -(µ A (x) + v A (x)) is called hesitancy of x which is a reflection of lack of commitment or uncertainty associated with the membership or non-membership or both in A.
Definition (Generalized triangular intuitionistic fuzzy number (GTIFN))
The membership function of GTIFN , where is defined as:
and the non-membership function of the GTIFS A is defined as:
For example, consider the GTIFS . The MF and NMF of A are shown in Fig. (4) . 
Definition (Generalized trapezoidal intuitionistic fuzzy number (GTrIFN))
The membership function of trapezoidal GTrIFN , where is defined as:
and the non-membership function of the GTrIFN A is defined as:
For example, consider the GTrIFS . The MF and NMF of A are shown in 
Definition (Positive and Negative GIFS)
A GIFS is said to be positive GIFS a 2 > 0 if and negative GIFS if a 2 < 0.
Definition (Support of a GIFS)
Let be a GIFS then support of A is defined as: 
1, o th erw ise 
Definition (Height of a GFIS)
Let be a GIFS then height for MF is defined as:
and height for NMF is defined as .
Definition (Level Set of GFIS)
Let be a GIFS then level set for MF is defined as and level set for NMF is defined as
Definition (The α -cut of MF and NMF of the GIFS)
The α -cut of the MF of the GIFS is defined as:
The α -cut of the NMF of the GIFS is defined as:
Definition ( The α -cut GIFS)
Let be a GIFS and --cut of MF (µ A ) be and NMF (v A ) be respectively. Then --cut of GIFS A can be evaluated by the following formula:
where , A + & A -mF and NMF such that is the height of MF, is the height of NMF and Ø is an empty set.
Definition (Special IFS)
Let be a GIFS defined on the universe of discourse X, then a special IFS can be defined as αA = α. 
Definition (Generalized Interval-Valued Triangular Intuitionistic Fuzzy Number (GIVTIFN))
The membership functions (lower MF (LMF) and upper MF (UMF) of GIVTIFN , where is defined as:
and the non-membership function of the GIVTIFN A is defined as: 
Definition (Generalized Interval-Valued Trapezoidal Intuitionistic Fuzzy Number (GIVTrIFN))
The membership functions (LMF  and  UMF) 
Definition (Support of a GIVTIFS)
Let be a, GIVTIFS then support of A is defined as:
.
Definition (Height of a GIVTIFS)
Let be a GIVTIFS, then height for 
MFs and NMFs such that are the height of MFs, are the height of NMFs and is an empty set.
DECOMPOSITION THEOREM FOR GIVTrIFN
In this section, decomposition theorems for GIVTrIFN have been discussed.
Theorem (First Decomposition Theorem)
Let X be a universe of discourse. For any GIVTrIFN in X, where are standard fuzzy union and intersection, respectively.
Proof
For MF, let for each which indicates the degree of belonging in A.
Then,
( , ), , & , .
Hence from (3.1), we have Similarly,
For NMF, let for each which indicates the degree of non-belonging in A.
(3.2)
Hence from (3.2), we have
Theorem (Second Decomposition Theorem)

Let
X be a universe of discourse. For any GIVTrIFN where are standard fuzzy union and intersection, respectively.
Proof
(3.3)
Hence from (3.3), we have
(3.4)
Hence from (3.4), we have
Theorem (Third Decomposition Theorem)
Let X be a universe of discourse. For any GIVTrIFN where are standard fuzzy union and intersection, respectively, and λ(A) is the level set of A.
PROPOSED ARITHMETIC TECHNIQUE FOR GIVTIFNS
GIVTIFN is the extended version of GTIFN. Arithmetic on GIVTIFNs is a crucial issue. Let us consider that and
are two GIVTIFNs with different heights. Here a novel approach will be discoursed to perform the arithmetic operation between GIVTIFNs A and B. In this approach, the MFs are truncated at the smallest height of their respective (LMF and UMF) MFs. Similarly, the NMFs are truncated at the maximum heights of their respective (LNMF and UNMF) NMFs. The interesting part of this approach is that it produces GIVTrIFNs. 
respectively.
Theorem (Addition of Two GIVTIFNs with Different Heights Produces a GIVTrIFNs) Proof
To determine the addition of GIVTIFNs A and B, we first add the α, βcuts of GITVIFNs A and B using interval arithmetic.
On the other hand, the , To find the LMF we equate both the first and second component of and Hence the LMF of is 
, we get the domain of x, 
In a similar manner we also have the UMF
of A + B as
To obtain NMFs, we proceed as:
Let's equate each component with x, we have Now, expressing in terms of x, we obtain (4.4) 
(1 ) Hence the theorem.
Theorem (Subtraction of Two GIVTIFNs with Different Heights Produces a GIVTrIFNs) Proof
To perform subtraction operation of GIVTIFNs A and B, we subtract the α, β-cuts of A and B using interval arithmetic.
For MF, To find the membership function we equate both the first and second component of (4.6) to x which gives Now, expressing in terms of x (4.7) (4.8)
in (4.8) we get the domain of x
The required LMF is where and .
In a similar way,we can have the UMF as 
Then, 2 4 (1 , Hence proved the theorem.
Theorem (Multiplication of Two GIVTIFNs with Different Heights Produces a GIVTrIFN) Proof
To calculate multiplication of GIVTIFNs A and B, we first multiply the α, β-cuts of generalized fuzzy numbers A and B using interval arithmetic.
For MF, where .
To find the LMF , we equate both the first and second component of (4.11) to x which gives which is a quadratic equation and by solving it we obtain Also with a similar manner, we have the UMF as For NMF
a w a a w a a w a a w w w a a a a a a a a a a a a w w w and, 
Now, equating both the terms with x, we obtain Hence proved the theorem.
Theorem (Division of Two GIVTIFNs with Different Heights Produces a GIVTrIFNs) Proof
To divide two GIVTIFNs A and B, we first divide the α, β-cuts of A and B using interval arithmetic.
For MF, 
Similarly, different outputs will be obtained other arithmetic operations which is logical and correct while the existing approach leads to illogical output. Step-IV: Decision makers give their opinion to get the aggregated fuzzy ratings of alternative under criterion C j . That is, where each is GIVTIFNs.
NUMERICAL EXAMPLES
Step-V: If all the weights and ratings are in the interval [0, 1] (i.e., W and R are normalized) the next step is followed and if not, they can be normalized by:
Where is the ceiling function,
Step-VI: Construct the weighted normalized fuzzy decision matrix Where using our proposed arithmetic operations which are normalized positive GIVTIFNs.
Step-VII: Decision makers evaluate using our proposed arithmetic operations.
Step-VIII: Based on maximum value-index of , decision-makers will choose the suitable alternative A i .
Hypothetical Case Study
Let us suppose a committee of three expert decision makers, D1, D2 and D3 which has been formed to conduct the interview for the post of the professor to select the most suitable candidate among the three eligible candidates, namely A1, A2 and A3. Five benefit criteria are considered: 
Computational Procedure is Discussed in Detail Below:
Step-I: Decision makers choose the linguistic weighting variable (Table 1) for the importance weight of criteria and the linguistic ratings variable Table 2 to evaluate the ratings of alternatives with respect to each criterion. Step-II: To assess the importance of the criteria (Table 3 ) linguistic weighting variables are used Table 1 Step-III: The weights of criteria are aggregated using equation (1) to get the aggregated fuzzy weight of the criterion C j and decision makers give their opinion ( Table 4) Step-IV: The fuzzy decision matrix R is constructed as follows using Table 4 .
Since all the weights and ratings are in the interval [0, 1], so the matrix R is the normalized fuzzy decision matrix.
The weighted normalized fuzzy decision matrix is now constructed by using equation (2 Step-V: It is clear from the Table 5 1, 2, 3) . Hence, the ranking order of the four alternatives is A 1 > A 2 > A 3 and the best selection of the alternatives is.
CONCLUSION
The basic idea of IFS is the direct generalization of FST. Later, different developments have been extended, such as IVIFNs, GIVIFNs. Evaluation of arithmetic operation between GIVIFNs is a crucial issue. Arithmetic of conventional approaches produces counterintuitive results. This paper presented a novel technique to perform arithmetic operations on GIVTIFNs which efficiently overcame the shortcomings of conventional approach. The interesting part of the proposed approach is that it produces GIVTrIFN. Numerical illustrations also corroborate the same notion. The applicability and validation of the proposed approach have been shown by solving a multi-criteria group decisionmaking problem. It is observed that the proposed approach is efficient, simple, logical, technically sound and general enough for implementation. Researchers may apply this approach in any field where uncertainty/ imprecision can be handled using GIVTIFNs. Also, it is seen that both the conventional approach and present approach will be identical
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